In this contribution, we analyze the synchronization properties of two chaotic optical field generated by two VCSELs in presence of a saturable absorber. The vectorial nature of the chaotic field requires a continuous control scheme to achieve a high-quality synchronization between the two sources. We proposed a novel encoding scheme, exploiting a two contact VCSEL structure, which allows an easy and direct modulation of the transmitter. The added degree of freedom constituted by the chaos in polarization allows a reduction of the probability error (or enhancement of the transmission capacity) at the receiver.
INTRODUCTION
The synchronization of chaotic nonlinear oscillators has attracted much attention in recent years, motivated by the possibility of practical applications of this fundamental phenomenon. Several papers 1 have shown that such synchronization may be achieved in electronic oscillator circuits, with application in the transmission of information signals masked in a background of chaos. While assessing the synchronization techniques and the theoretical understanding of those phenomena, many optical systems were also shown to exhibit chaos in the past decade. Therefore many concepts and ideas concerning the synchronization of chaotic systems have been demonstrated in optoelectronic systems, first theoretically 2 and then experimentally. 3 The enormous success of the optical telecommunications strongly motivated the study of chaotic lasers in view of cryptographic applications. However, the synchronization scheme proposed by Pecora and Carrol 4 requires the extraction of a stable subsystem (only negative Lyapunov exponents) from an existing chaotic system. When a chaotic system and a stable response subsystem are linked with a common driving signal, the two may display synchronized chaos. While this scheme has been successfully implemented with electronic oscillators, it has been found impossible to separate the elements of an optical chaotic system (e.g. a chaotic laser) to obtain a stable subsystem in precisely this manner. However, if the system is not too chaotic (i.e. the system has only one positive Lyapunov exponent), simple alternative methods can induce synchronization. One example is the synchronization achieved through direct coupling, unidirectional or mutual, between two semiconductor chaotic lasers, which has been proved both theoretically and experimentally. [5] [6] [7] Semiconductor lasers have been widely exploited in this context, due to their high nonlinearity, low cost and wide diffusion. Among these devices, Vertical-Cavity Surface-Emitting Lasers (VCSELs) 8 are important compact light sources for applications, e.g. in optical interconnects and optical data storage, due to their low threshold current, single-longitudinal mode operation and easy integrability in 2-D arrays. Recently, a new source exhibitng optical chaos, based on a VCSEL with a surrounding saturable absorber, has been investigated. 9, 10 This source can emit in a chaotic state of both total intensity and polarization (we call it vectorial chaos), thus seeming promising for widening the knowledge in the chaotic lasers and enhancing the transmission capacity in view of cryptographic applications.
shows at least two positive exponents (due to the total intensity and polarization instabilities), a continuous control scheme (CCS) 15 is found to give the best synchronization. The robustness of this scheme against parameters mismatch and noise has been investigated, with promising results in Edge Emitter Lasers (EELs) based systems. 11, 12 Once the synchronization is achieved, we theoretically investigate a novel scheme for message encoding based on a doublecontact VCSEL structure (analogous of the well-known two contacts EELs). In this scheme the information is added in the system through the direct modulation of the current difference between the two sections, while keeping constant the total current, thus leaving the chaotic evolution of the total intensity almost unperturbed. A decoding scheme, based on the CSK scheme 11, 12, 16 allows to recover the information in two channels (one per polarization state), lowering the error probability. The paper is organized as follows: in Sec. 2 we introduce a model to describe a VCSEL in presence of a saturable absorber, and characterize the chaotic attractor emerging in a region of the parameter space. Subsequently, we discuss the synchronization properties of two identical systems through a CCS. In Sec. 3 we illustrate an encoding scheme based on a double-contact self-pulsating VCSEL and finally Sec. 4 is devoted to conclude and summarize our paper.
MODEL AND SYNCHRONIZATION SCHEME
The basic system consists in a VCSEL with a surrounding saturable absorption region. In order to synchronize two of these systems we propose the CCS shown in Fig. 1 . The feedback loop is characterized by a response function H(ω), that, in general, can be written as
where H 0 is the overall attenuation and φ is the dephasing, both acquired in the feedback path. The frequency response of the feedback path is assumed to be one-pole kind, with 3dB attenuation frequency equal to 1/τ . Previous studies 11 showed the role played by the attenuation H 0 and the frequency-cut 1/τ is normally negligible. In the rest of the paper we set H 0 = 1 and τ → ∞. The scheme of Fig. 1 has been analyzed through numerical simulations, as detailed below. We describe the systems M and S with a recently developed model, 9,10 suitable to describe a VCSEL in presence of a surrounding saturable absorber. The rate equations describing the dynamic evolution of the S and M systems reaḋ
where the subindexes M and S indicate the M aster and Slave systems, while 1 and 2 stand for the pumped and absorbing regions, of each system, respectively. F ±M,S are the slowly-varying complex amplitudes of the two circularly-polarized components of the vectorial electric field F M,S , D iM,S (i = 1, 2) are the total carrier inversion between the conduction and valence bands referred to the transparency carrier density, while d iM,S are the differences of the carrier inversion with opposite spin orientations. The equations are written in a dimensionless form such that the time is measured in κ −1 units, being κ the cavity decay rate. The effective injection currents, with respect to transparency, are µ 1 and µ 2 , since the current is only supplied in the central region, µ 1 > 0 while µ 2 < 0. Carrier diffusion is introduced in the rate equations through the coupling terms c 12 D 1M,S and c 21 D 2M,S . The linewidth enhancement factor α describes the phase amplitude coupling. The parameters γ i stand for the total carrier decay rates, while γ si are the effective spin flip rates. The phase and amplitude anisotropies 17 are ε p and ε a respectively. Since our results have been found only weakly dependent on the amplitute anisotropies, we set ε a = 0 in the rest of the paper. In order to maintain the notations of previous papers, 17 we define the birefringence as γ p = κε p . The differential gains in the active and the absorber regions differ due to their different carrier densities. This effect is taken into account through the parameters a, which represents the ratio of the the effective gain coefficient in the absorbing region with respect to the pumped zone. The effective gain coefficient is calculated 18 as the product of the differential gain times the fraction of optical power within each region. The Langevin noise sources 19 f ±S,M (t) can be approximated by
where βξ i represents the fraction of the spontaneously emitted photons that goes into the zone i of the lasing mode, ζ ± are two independent complex Gaussian random numbers, with zero mean ζ ± (t) = 0 and correlation ζ ± (t)ζ * ± (t ) = 2δ(t − t ). The coupling term Θ S,M , sketched in Fig. 1 , takes the form Θ S = Γ (F ±M + H(ω)F ±S ), Γ being the injection attenuation and Θ M = 0.
First we briefly consider one of the dynamic regimes exhibited by any of the two systems, without coupling Θ S,M = 0. A previous study 9 indicate that a region of chaotic behavior is present in the phase space µ 1 /µ th1 vs birefringence. A detailed analysis shows that in that region the electric field exhibits a chaotic behavior in both polarization and total intensity, with at least 2 positive Lyapunov exponents. 2 shows two projections of the Poincaré sphere, through the Stokes parameters S i , where i = 0, 1, 2 and 3, and the time trace of the total intensity. The electric field is therefore a vectorial magnitude changing its polarization state over a chaotic attractor in the Poincaré sphere. At the same time, the amplitude of the electric field vector is chaotically fluctuating. For simplicity, we assume that M and S share the same nominal values of all parameters (twin systems). As it is well known, even twin systems would follow completely different trajectories if they start from slightly different initial conditions and are isolated from each other. If we set the phase in the feedback loop of S to φ = π and increase Γ, we find that after a certain value of Γ = Γ c the trajectories of the M and S systems get closer and closer, until they synchronize. By definition, 11 synchronization means that
in practice the output vector fields F M and F S of M and S are expected to become virtually coincident after a sufficiently long time of interaction, if Γ ≥ Γ c . To quantitatively express the degree of synchronization we generalize the scalar mean relative error 11 to a vectorial magnitude, written as σ = (σ + , σ − ) for their circular components, where
where < · > means temporal average. In Fig. 3 we show the transition from a unsynchronized state (σ ± ∼ 1) to a synchronized state (σ ± 1), in absence of noise (β = 0). A high quality synchronization is thus reachable under ideal conditions. In agreement with, 11,12 the introduction of spontaneous emission noise does not affect appreciably the synchronization. In Fig. 4 we show the good synchronization achieved in total intensity, and polarization (Fig. 5) , for a particular value of Γ = 0.9 > Γ c , under noisy conditions (β = 5 × 10 −7 ). In particular, in Fig. 5 we show the Stokes parameters differences Σ i defined as follows
where S iM,S (i = 0, 1, 2 and 3) are the Stokes parameter describing the polarization state of the master (M ) and slave (S) systems. By setting the phase φ = π we impose a negative feedback condition, thus introducing a dissipative term in F ±S in Eqs. (2) . It is known 14 that this kind of term has a stabilizing effect, because it lowers the Lyapunov exponents. From a practical point of view, the accuracy needed to fulfil the condition φ = π, was found to be critical. However, the accuracy level to be met is of the same order as in coherent detection or interferometry. For example, the difference F M − F S requires coherent field superposition (with π phase shift) at a beam combiner; a suitable active control of the path-length must be introduced, since, for efficient synchronization, the residual phase error must not exceed a few degrees, as we found in numerical simulations shown in Fig. 6 . 
CSK ENCODING
In this section we show how the synchronization method, described in the previous section, can be exploited in a secure communication scheme. The proposed structure (shown in fig. 7 ) consists in a double-contact VCSEL, where the current I 1 represents the usual pump, while the current I 2 represents an independent control of the carrier density in the absorber. The effect of I 2 is to modify the effective absorber current µ 2 in Eq. (4). This structure is analogous of the wellknown two contacts EELs. By exploiting the added degree of freedom, a message can be encoded into in the system in the following way: I 1 − I 2 = s(t), while the total current supplied to the device can be left constant: I 1 + I 2 = I tot . The chaotic evolution of the total intensity is unaffected by this kind of modulation, while a variation of the total current I tot would affect the mean value and fluctuation extent of the chaos in total intensity, leading to an easily recognizable modulation. The demodulation scheme is a standard On-Off Chaos Shift Keying (OOCSK) 11, 12, 16 : one double-contact VCSEL, biased in the "0" ("1") configuration is set as a Slave in a CCS. The Slave synchronizes (de-synchronizes) to the received signal when a bit "0" ("1") is received. The maximum bit-rate is limited by the synchronization time. In the CCS, 15 the synchronization time linearly decreases with the feedback stiffness Γ. Figure 8 . Message recovery. Two channels associated to two orthogonal polarization components synchronize when a"0" is sent. The current difference modulation signal is µ 1 − µ 2 = 80 for"0" and µ 1 − µ 2 = 60 for"1" in the Master system. The slave system is set to µ 1 − µ 2 = 80, that is the"0" bit.
In Fig. 8 we show the bits reconstruction at the receiver, for two linear components of the electric field F S . The vectorial nature of the synchronized chaos is exploited to lower the probability error. Assuming that the two channels are independent, the probability error can be written as P (E) = p x (E)p y (E). Due to the symmetry of the problem, we found that p x = p y . Moreover p x(y) was found to be of the same order of the probability error encountered in a EELs based CSK system.
11 The probability error is thus lowered from p x(y) to p 2 x(y) . Alternatively, one can exploit the vectorial nature of the chaotic carrier to enhance the transmission capacity, implementing a two channels chaotic masking. In this scheme one superimposes two independent signals with orthogonal polarization to the vectorial carrier. At the receiver, once the synchronization is achieved through the CCS, the two signals can be recovered by doing chaos filtering.
CONCLUSIONS
In conclusion, we have discussed the synchronization properties of the chaos generated by two VCSELs in presence of a saturable absorber. The vectorial nature of the chaotic field requires a continuous control scheme to achieve a highquality synchronization between the lasers. We proposed a novel encoding scheme, exploiting a two contact VCSEL structure, which allows an easy and direct modulation of the transmitter. The added degree of freedom constituted by the chaos in polarization permits to decrease the probability error (or enhance the transmission capacity).
